Duval, in "A Directed Graph Version of Strongly Regular Graphs" [Journal of Combinatorial Theory, Series A 47 (1988) 71 -100], introduced the concept of directed strongly regular graphs. In this paper we construct several rich families of directed strongly regular graphs with new parameters. Our constructions yielding new parameters are based on extending known explicit constructions to cover more parameter sets. We also explore some of the links between Cayley graphs, block matrices and directed strongly regular graphs with certain parameters. Directed strongly regular graphs which are also Cayley graphs are interesting due to their having more algebraic structure. 
Introduction
R. C. Bose, in the early 1960s, introduced the concept of strongly regular graphs [3] . A. M. Duval, in 1988 , introduced the concept of directed strongly regular graphs [9] . Development of the theory of strongly regular graphs was motivated by the study of finite permutation groups, classification of finite simple groups, as well as association schemes. Strongly regular graphs arise from such geometric and combinatorial objects as finite fields, finite geometries, combinatorial designs, and algebraic codes [3] , [5] and [11] . The sources of directed strongly regular graphs have been reported on in [9] and [10] , and, more recently, in [1] , [2] , [12] , [15] and [16] . Duval, in [9] , provided an initial set of parameter restrictions for directed strongly regular graphs, and a complete list of feasible parameters can be found in [4] . This paper investigates various methods for constructing directed strongly regular graphs. We discuss explicit constructions, constructions via Cayley graphs, and by using block matrices as well. Section 2 introduces necessary notation and defines strongly regular graphs, directed strongly regular graphs, and certain necessary types of algebraic structures. Section 3 describes new explicit constructions obtained by extending existing construction methods to cover more parameters sets. Section 4 describes a new construction method for directed strongly regular Cayley graphs with parameters ((m + 1)s, ls, ld, ld − d, ld) where d, l and s are integers with dm = ls and 1 ≤ l < m [16] . Section 5 gives a new characterization for those directed strongly regular graphs with parameters (m(dm + 1), dm, m, m − 1, m) [10] . Section 6 concludes the paper and discusses directions for further work.
Preliminaries
We will assume some familiarity with group theory. All of the constructions in this correspondence are done over groups. Since we will make reference to loops more than once, we include its definition here.
A loop [13] is a set L with a binary operation '*' such that 1. there exists a two-sided identity Id ∈ L where Id * x = x * Id = x for all x ∈ L, and 2. for all a ∈ L the left-multiplication map x → a * x is bijective; also the right-multiplication map x → x * a is bijective.
The Cayley table of a finite loop with members 1, ..., n and identity 1, is simply an n × n table with first row and column (1, ..., n) (in that order), and where every row and column must contain every element exactly once. Note that an associative loop is the same thing as a group. Unless it is clear by convention, we will denote the identity of a group G by Id G , or simply by Id if G is the only group in question.
Strongly Regular Graphs and Digraphs
Only finite simple graphs will be considered in this paper, i.e., only graphs with no loops, or multiple edges. Denote the set of vertices resp. edges of a directed graph Γ by V (Γ) resp. E(Γ). For two vertices x, y ∈ V (Γ), we say x is adjacent to y, written x → y, if there is an edge from x to y. If there is also an edge from y to x then we say that there is an undirected edge between x and y, denoted x ↔ y. If neither x → y nor x ↔ y holds, then we say x is not adjacent to y, and write x y. Now let Γ be a graph with vertex set V (Γ) = {v i } n i=1 . The adjacency matrix A = A(Γ) of Γ is the n × n matrix with rows and columns indexed by V (Γ) and
A strongly regular graph [3] with parameters (v, k, λ, µ) is an undirected graph with v vertices with adjacency matrix A satisfying
and AJ = JA = kJ, where I and J are the identity and all-ones matrix respectively. The equations implies that the number of paths of length two from a vertex x to another vertex y is λ if x and y are adjacent, µ if not. The second equation implies that the number of neighbors, or valency, of any vertex is k.
The concept of 'strong regularity' generalizes to directed graphs in the following way. A directed graph Γ is directed strongly regular [9] with parameters (v, k, s; α, β) if it has adjacency matrix A satisfying
and
From these equations we see that each vertex has k in-neighbors and k out-neighbors, s of which are both in-and out-neighbors. For two distinct vertices x and y, the number of directed paths of length two from x to y is α if x → y and β if x y.
Cyclotomic Classes and Cyclotomic Numbers
Cyclotomic classes have proven to be a powerful tool for constructing difference sets, designs, and graphs e.g. see [7] , [8] , [9] , [14] . Let q be a prime power, F q a finite field, and e a divisor of q − 1. For a primitive element α of F q let D e 0 denote α e , the multiplicative group generated by α e , and let
We call D e i the cyclotomic classes of order e. The cyclotomic numbers of order e are defined to be
It is easy to see there are at most e 2 different cyclotomic numbers of order e. When it is clear from the context, we simply denote (i, j) e by (i, j). The cyclotomic numbers (h, k) of order e have the following properties ( [6] ):
Explicit Constructions of Directed Strongly Regular Graphs from Products of Abelian Groups
In this section we give an explicit construction which was motivated by Stefan Gyurki's monograph "New Rich Families of Directed Strongly Regular Graphs" [12] , in which it was discussed how to construct directed strongly regular graphs with parameters (2n 2 , 3n − 2, 2n − 1, n − 1, 3), (3n 2 , 4n − 2, 2n, n, 4), (2n 2 , 4n − 2, 2n + 2, n + 2, 6) and (3n 2 , 6n − 2, 2n + 6, n + 6, 10) from certain loops and quasigroups. We give a construction of directed strongly regular graphs that have parameters (mn 2 , mn + n − 2, 2n + m − 3, n + m − 3, m + 1), where n ≥ 2 is an integer and m ≥ 3 is an odd integer. The proof is tedious but not difficult, so we eliminate similar cases. Proof. Clearly v = mn 2 .
k: Let (x, y, i) ∈ V. There are n − 1 vertices (z, y, i) ∈ V with z = x, and n − 1 vertices (x, z, i) ∈ V with z = y. Also, there are n vertices (xy, z, i + α) ∈ V where α is fixed in {1, ..., λ: Now, given two vertices (x, y, i), (u, v, j) ∈ V such that (x, y, i) → (u, v, j), we need to count the number of vertices (z, w, l) ∈ V such that (x, y, i) → (z, w, l) and (z, w, l) → (u, v, j).
The four possibilities for such a vertex (u, v, j) are given in the statement of the theorem. We first consider case 1, where u = x and i = j but y = v, which is similar to case 2; and then consider case 3, where u = xy and j ∈ {j + 1, ..., i + m−1 2 }, which is similar to case 4. So, assuming that u = x and i = j but y = v, there are n − 2 vertices (z, w, l) ∈ V such that (x, y, i) → (z, w, l) = (x, w, i) since there are n − 2 points w ∈ G such that y = w = v. There are
vertices (z, w, l) ∈ V were l = i + α for some α ∈ {1, ...,
then we must have z = xy, and if
then we must have v = xyw so that w = v(xy) −1 . Also, there are
then we must have w = xy, and if (z, w, l) = (z, w, i − α) → (u, v, j) then we must have x = u = xyw so that w = y −1 . Counting all of the above vertices we have n − 2 + m − 1 = n + m − 3 in total.
We now consider case 3, where u = xy and j ∈ {j + 1, ..., i + m−1 2 }, i.e., we have
There are m possibilities for a vertex (z, w, l) ∈ V such that (x, y, i) → (z, w, l). One case is when
cases are when l = i + β for some β ∈ {1, ..., cases are when l = i − β for some β ∈ {1, ..., m−1 2 }. If l = i, there are n − 1 vertices (z, w, l) ∈ V with w = y and z = x. But then if (z, w, l) → (xy, v, i + α) we must have xy = yz so that z = x, a contradiction. Also there are n − 1 vertices (z, w, l) ∈ V with w = y and z = x. But then if (z, w, l) → (xy, v, i + α) we must have xy = zw so that w = y, a contradiction. Thus, we cannot have l = i. Then suppose l = i + α (i.e. β = α). If (x, y, i) → (z, w, l) then we must have z = xy, and if (z, w, l) → (xy, v, i + α) we must have w = v. There are n − 1 such vertices. Now suppose l = i + β where β occurs before α in the natural ordering of {1, ...,
then again we must have z = xy, and if (z, w, l) → (xy, v, i + α) then we must have xy = zw = xyw so that w = 1. There is one such vertex per choice of β. If we suppose that l = i + β where β occurs after α in the natural ordering of {1, ...,
implies that z = xy, and
implies that v = xyw so that w = v(xy) −1 . There is one such vertex per choice of β. Lastly, we suppose that l = i − β for some β ∈ {1, ..., Counting over all such vertices we have n − 1 + m − 2 = n + m − 3 in total. Thus we can conclude that λ = n + m − 3.
we need to count the number of vertices (z, w, l) ∈ V such that
There are only two possibilities for (u, v, j). One case is when u = xy and j = i + α for some α ∈ {1, ...,
2 }, and one case is when v = xy and j = i − α for some α ∈ {1, ...,
We show only the first case, as the second case is similar. So we have (x, y, i) (u, v, i+ α) for some α ∈ {1, ..., implies u = zw = xyw so that w = u(xy) −1 . There is one such vertex per choice of such β. If we suppose l = i + β where β occurs after α in {1, ...,
implies v = zw = zxy so that w = v(xy) −1 . Thus there is one vertex per choice of such β. Finally, if we suppose l = i − β for some β ∈ {1, ...,
implies w = xy, and We will eliminate similar cases in the proof of the following theorem as well and, due to its standard counting arguments being not so different from the proof of the previous Theorem, we show less of it.
Theorem 3.2. (Construction II) Let G be a multiplicative group of order n ≥ 2, and g ∈ G be a non-identity, non-idempotent element. Let Γ be the digraph with vertex set V = G × G × Z m where m ≥ 3 is odd, and adjacency given by (x, y, i) → (u, v, j) if and only if one of the following hold:
1. x = u, i = j and y = v, Then Γ is a directed strongly regular graph with parameters (v, k, t, λ, µ) = (mn 2 , 2mn − 2, 2n + 4m − 6, n + 4m − 6, 6 + 4(m − 2)).
Proof. Clearly v = mn 2 .
k: Let (x, y, i) ∈ V. There are n − 1 vertices (x, y, i) ∈ V with z = x, and n − 1 vertices (x, z, i) ∈ V with z = y. Also, whenever α ∈ {1, ..., m−1 2 }, there are: n vertices of the form (xy, z, i + α), n vertices of the form (z, xy, i − α), n vertices of the form (gxy, z, i + α), and n vertices of the form (z, gxy, i − α). Thus k = 2nm − 2.
t: We need to count the number of vertices (u, v, j) ∈ V such that
Let (u, v, j) ∈ V. If x = u and i = j but y = v, or if y = v and i = j but x = u then (u, v, j) is such a vertex. This gives 2(n − 1) such vertices.
Let α ∈ {1, ..., m−1 2 } be fixed. Suppose (x, y, i) ↔ (xy, z, i + α). Then either y = zxy so that z = x −1 , or y = gzxy so that z = (gx) −1 . Thus there are two such vertices.
If (x, y, i) ↔ (z, xy, i − α), then we must have either x = zxy so that z = y −1 , or x = zgy so that z = (gy) −1 . There are two such vertices.
If (x, y, i) ↔ (gxy, z, i + α), then either y = gxyz so z = (gx) −1 , or g 2 zxy so z = (g 2 x) −1 . Since g 2 is neither Id nor g, there are two such vertices.
If (x, y, i) ↔ (z, gxy, i − α), then either x = zgxy so x = (gy) −1 , or x = g 2 zxy so z = (g 2 ) −1 . Again, because of the condition on g, there are two such vertices.
Counting over all such vertices (letting α run over {1, ..., m−1 2 }) we get t = 2n + 4m − 6.
λ: Now, given two vertices (x, y, i), (u, v, j) ∈ V such that (x, y, i) → (u, v, j), we need to count the number of vertices (z, w, l) ∈ V such that (x, y, i) → (z, w, l) and (z, w, l) → (u, v, j).
The six possibilities for such a vertex (u, v, j) are listed in the statement of the theorem. We only show the first case, where u = x, i = j and y = v, which uses the same standard counting arguments as the other five cases. So 
There are
vertices (z, w, l) ∈ V where l = i + α for some fixed α ∈ {1, ...,
Also there are m−1 2 vertices (z, w, l) ∈ V where l = i − α for some fixed α ∈ {1, ...,
Then one of the following must hold: w = xy and x = u = xyz so that z = y −1 , or w = xyg and x = u = gxyz so that z = (gy) −1 , or w = gxy and x = u = xyz so that z = y −1 . Thus there are n + 4m − 6 such vertices. As the other five cases are similar, we have λ = n + 4m − 6.
µ: Now, given two vertices (x, y, i), (u, v, j) ∈ V such that (x, y, i) (u, v, j),
we need to count the number of vertices (z, w, l) ∈ V such that (x, y, i) → (z, w, l) and (z, w, l) → (u, v, j).
There are only two possibilities for (u, v, j). One case is when xy = u = gxy and j = i + α for some α ∈ {1, ..., m−1 2 }, and one case is when xy = v = gxy and j = i − α for some α ∈ {1, ..., m−1 2 . We show only the first case, as the second case is similar.
Suppose (x, y, i) (u, v, i + α) for some fixed α ∈ {1, ..., The following table shows new parameters for directed strongly regular graphs constructed in the above way with less than 100 vertices. Next we discuss how to construct new Cayley graphs that are directed strongly regular.
Constructions of Cayley Graphs that are Directed Strongly Regular
Olmez and Song in [16] showed constructed directed strongly regular graphs with parameters ((m + 1)s, ls, ld, ld − d, ld) where d, l and s are integers with dm = ls and 1 ≤ l < m. We show how to obtain directed strongly regular graphs with these parameters which are also Cayley graphs. Interestingly, it is possible to construct Cayley graphs which are directed strongly regular with these parameters. Let S be a subset of a finite group G such that S = G, i.e., G is generated by the members of S. The Cayley Graph of G with respect to S, denoted Cay(G, S), is the directed graph with elements of G as its vertices, where g → h if and only if g −1 h ∈ S.
For any finite group G the group ring Z [G] is defined as the set of all formal sums of elements of G, with coefficients in Z. The operations "+" and "·" on Z [G] are given by
where are a g , b g ∈ Z.
The group ring Z [G] is a ring with multiplicative identity 1 = x Id , and for any subset X ⊂ G, we denote by X the sum x∈X x, and we denote by X −1 the sum x∈X x −1 . We will need the following lemmas.
Lemma 4.1. ([10] ) Let G be a finite group and S ⊂ G such that G = S . The number of paths of length two from g to h in Cay(G, S) is given by the coefficient of g −1 h in S 2 .
Lemma 4.2. ([10]
) Let G be a finite group and S ⊂ G such that G = S and Id / ∈ S. A Cayley graph Cay(G, S) is a directed strongly regular graph with parameters (v, k, t, λµ) if and only if |G| = n, |S| = k and
Let µ : H →AutK be an action of a group H on another group K. Let K × µ H be the direct product set of K and H with operation
Then K × µ H forms a group of order |K||H| with identity (Id K , Id H ) and is called the semidirect product of K and H with respect to µ. When µ is clear from the context we simply use K ⋊ H to denote this structure. Now let q be a prime power and D a multiplicative subgroup of F * q of order l with generator γ. Let
for some nonzero u ∈ F q , and
Then we have
where
(here we used the fact that xD ′ = D ′ for all x ∈ D). Note that if
for some α, β ∈ Z. Then we have
and, if 0 / ∈ S, then we have that Cay(G, E) is directed strongly regular. By Lemma 4.2 we can see that the parameters of Cay(G, E) are given by (lq, ls, βs, βs + α, βs) where s = |S|. We have thus shown the following. Lemma 4.3. Let q be a prime power and D a multiplicative subgroup of F * q of order l and generator γ.
and let E = SH where S = −u + D ′ for some u ∈ F * q . If 0 / ∈ S and D ′ uD −1 = α1 + βF q for some α, β ∈ Z, then we have Cay(G, E) is a directed strongly regular graph with parameters (lq, ls, βs, βs + α, βs).
We have yet to find new parameters using this method, but the Cayley property makes it interesting, and there may be certain pairs D, −u + D ′ which do result in directed strongly regular graphs with new parameters. We will need the following lemmas. We have the following construction of directed strongly regular Cayley graphs.
Theorem 4.6. Let q be a prime power, γ be a primitive element and write l = q−1 
and Cay(G, E) is a directed strongly regular graph with parameters (q
2 ). Similarly, when q ≡ 1(mod 4) and S = −u + D 2 0 where u is a quadratic nonresidue, we have Cay(G, E) is a directed regular graph with parameters (q
We will also make use of the following lemma. We first learned of the following from Feng Tao in 2015, but we are unaware of any publication.
Theorem 4.8. Let q = 1 + 16a 2 be a prime power where a is an integer, γ a primitive element and l = q−1
is a directed strongly regular graph with parameters where all of the cyclotomic numbers are equal. Thus, by Lemma 4.3 we have
and Cay(G, E) is a directed strongly regular graph with parameters (q q−1
We omit the proof of the following as it is similar to the others. The cyclotomic numbers of order six can be found in [17] .
Theorem 4.9. Let q = 1 + 3a 2 be a prime power such that 2 is a cubic residue and a is an integer, γ a primitive element and l = q−1
3 . Then Cay(G, E) is a directed strongly regular graph with parameters (q q−1
Constructions of Directed Strongly Regular Graphs from Block Matrices
Block matrices were used in [1] and [9] to construct directed strongly regular graphs with parameters (2(2l + 1), 2l, l, l − 1, l) where l is a positive integer. In [10] it was shown how to construct directed strongly regular graphs with parameters (N q, N − 1,
In this section we use block matrices to construct directed strongly regular graphs with such parameters. Interestingly, the method requires a certain type of matrix which resembles the multiplication table of a loop.
For a matrix M = (M ij ) we denote the ijth position by M ij , and for a block matrix U = [U ij ] we denote the ijth block by [U ] ij .
We say M is a σ-circulant if M ij = M i−k,j−σk for all indices (i, j). Note that the sum of two σ-circulants is again a σ-circulant, and that the product of a σ 1 -circulant with a σ 2 -circulant is a σ 1 σ 2 -circulant.
We say a matrix M is transpotent if M il * M lj = M ij for all pairs of indices (i, l) and (l, j). Again, let q be a prime power, F q a finite field, and e a divisor of q − 1. Let M be an e × e transpotent matrix over F q . We say M is a (q,e)-loop matrix (or simply a (q,e)-loop) if each row and column of M contains exactly one member of D e l for each l ∈ {0, ..., e − 1}. Let M be any matrix over F q . For σ ∈ F q and D any union of cyclotomic cosets of order e, let C 
Note that all of the C ij 's have the same first row with 1's only in positions corresponding to D e 0 . Since M is transpotent, we have that 
) M is the adjacency matrix of a directed strongly regular graph with parameters (3(3m + 1), 3m, m, m − 1, m) .
Proof. We need only show that M is a (q, 3)-loop. The result then follows from Lemma 5.2. Assume, without loss of generality, that a ∈ D 3 1 . Clearly a 2 ∈ D 3 2 . Then we must have (a 2 ) −1 ∈ D 3 1 and a −1 a −1 = (a 2 ) −1 .
Corollary 5.5. Let q be a prime power with q = 4m + 1 and −1 not a quartic residue. Let a and b be the two distinct square roots of −1. Let
) M is the adjacency matrix of a directed strongly regular graph with parameters (4(4m + 1), 4m, m, m − 1, m).
Proof. We need only show that M is a (q, 4)-loop, and the result will then follow from Lemma 5. 
) M is the adjacency matrix of a directed strongly regular graph with parameters (e(em + 1), em, m, m − 1, m).
Proof. We need only show that M is a (q, e)-loop, and the result will then follow from Lemma 5.2. We first show that each row, and each column, of M contains exactly one representative of each D e l , 0 ≤ l ≤ e − 1. The entry M ij of M is given by a −1 i−1 a j−1 . As j runs over {1, ..., e}, l runs over {0, ..., e − 1} where D e l is the cyclotomic coset containing a j−1 . Thus, as j runs over {1, ..., e}, l runs over {0, ..., e − 1} where D e l is the cyclotomic coset containing a −1 i−1 a j−1 (with i is fixed). Similarly, as i runs over {1, ..., e}, l runs over {0, ..., e − 1} where D e l is the cyclotomic coset containing a −1 i−1 a j−1 (with j fixed).
To see that M is transpotent, simply note that Then (C Then (C 
Concluding Remarks
We have discussed three new methods for constructing directed strongly regular graphs. The explicit method discussed in Section 3 gives an abundance of infinite families with new parameters. It was previously unknown how to obtain directed strongly regular graphs with such parameters. The simplicity of the method discussed in Section 3 makes one wonder what other modifications could be introduced to obtain even more new parameter sets. The method discussed in Section 4 shows that directed strongly regular graphs with the same parameters as those discussed in [16] can be constructed as Cayley graphs of certain non-Abelian groups. We believe it should be possible to obtain directed strongly regular graphs with new parameters using the method of Section 4, but to find groups and their respective subsets which make this possible has thus far proven difficult. The authors included Section 5 because of the interesting properties the required matrices posses, and also simply because it may sometimes prove convenient to have a block matrix construction for directed strongly regular graphs with such parameters.
